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Abstract

For the Kac—Wakimoto hierarchy constructed from the principal vertex operator
realization of the basic representation of the affine Lie algebra D1, we compute
the coefficients of the corresponding Hirota bilinear equations, and verify the
coincidence of these bilinear equations with the ones that are satisfied by
Givental’s total descendant potential of the D, singularity, as conjectured by
Givental and Milanov (2005 Simple singularities and integrable hierarchies The
Breadth of Symplectic and Poisson Geometry (Prog. Math. vol 232) (Boston:
Birkhiuser) pp 173-201).

PACS number: 02.20.Qs

1. Introduction

The theory on representation of theoretical aspects of soliton equations developed by Date,
Jimbo, Kashiwara, Miwa [1-4, 16] and Kac, Wakimoto [17, 18] plays a significant role in
several research areas of modern mathematical physics. For each affine Lie algebra g, together
with an integrable highest weight representation V of g and a vertex operator construction R
of V, Kac and Wakimoto formulated a hierarchy of soliton equations. These equations can be
written down in terms of Hirota bilinear equations and their super analogue [18]. When g is
the untwisted affinization of a simply laced finite Lie algebra, the Kac—Wakimoto hierarchy
coincides with the corresponding generalized Drinfeld—Sokolov hierarchy defined by Groot,
Hollowood and Miramontes [14, 15]. In particular, if the highest weight representation is the
basic one, and the vertex operator realization is constructed from the principal Heisenberg
subalgebra, then the Kac—Wakimoto hierarchy is equivalent to that of the Drinfeld—Sokolov
hierarchy associated with g and the vertex c¢ of its Dynkin diagram [5].

In [10, 11], Givental constructed the total descendant potential for any semisimple
Frobenius manifold [6]. This potential is supposed to satisfy the axioms dictated by the
Gromov—Witten theory, such as the string equation, dilaton equation, topological recursion
relations and Virasoro constraints. Recently, Givental and Milanov [12, 13] showed that the
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total descendant potentials for semisimple Frobenius manifolds associated with the simple
singularities satisfy certain Hirota bilinear (quadratic) equations, and proved that for the A,
D, and Eg singularities these equations are equivalent to the corresponding Kac—Wakimoto
hierarchies. They also conjectured that this fact is true for all simple singularities.

In this paper we compute explicitly the coefficients of the Kac—Wakimoto hierarchy
constructed from the principal vertex operator realization of the basic representation of the
affine Lie algebra D", while these coefficients are implicitly defined in [18], except for
the case n = 4. This computation verifies Givental and Milanov’s conjecture for the D,
singularity.

2. Kac—Wakimoto hierarchies of ADE type

Let g be an untwisted affine Lie algebra of ADE-type, with rank n, Coxeter number A and
normalized invariant bilinear form (-|-). The set of simple roots and simple coroots are denoted
by {a;}_ and {e’}_, respectively.

We denote the principal gradation of g as g = P jez 8- The Cartan subalgebra of g, i.e.
the O-component gy, has the following two decompositions:

go=H®Cc®Cd =haCece Cd.

Here, on the one hand, b = Z?:, Caiv , ¢ is the central element and d is determined by the
constraint

(Old) =0, (D=1,  (@dd) =0;
on the other hand, the subspace b is so chosen that the difference of the projections of any
x € go onto h and b is given by ¥ — ¥ = h~!(5"|%)c, where BV is an element of b defined by
the condition
(o, V) =1, i=1,...,n. 2.1
Let E be the set of exponents of g. For each j € E there exists H; € g; satisfying
(H;|Hj) =hé;_;, [H,Hj]=id_jc. (2.2)

They generate the principal Heisenberg subalgebras = Cc + > jer CHj.
In Kac and Wakimoto’s construction of the hierarchies, it is essential to choose two bases
{vi}, {v'} of g that are dual to each other. These two bases read

{v;}: %Hj(j € E), XD <r<n;mel),e,d, (23)

') ﬁﬂ_m eB),  YLU<r<mmed).de, @9
such that

{Xé’)}le, {YO(’) }::1 are two bases of b, (2.5)

[Hj, X)) = ;Br,jxipﬁ-j’ [H;, Yﬁ”] = _ﬁrqui;)wj’ 26)

(X 72) = b, o7

where 0 < j < h is the remainder of j modulo A, and B, ; are some complex numbers which
depend on the choice of the two bases of g.
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Let E. be the set of positive exponents. A representation of the Heisenberg subalgebra s
on the Fock space C[t;; j € E,]is given by

d
Cl—)l, Hjl-)a—t, H_j}—>jtj, j€E+.
J

This can be lifted to a basic representation L(Ag) of g as follows:

ZX,S? > =R (B XD) X (15 2),

meZ
Dy —h T (B ]¥) XD (-1 2),
meZz
; .9
dy:=hd +p" > — Z ]tja—tj,

jeE,

where X (¢; 7) (1 < r < n) are the vertex operators

X0t 2) = [exp Y Bz’ | | exp— Z

JEE, JEE,

]ZJ 8tj

Such a realization of the basic representation L(Ag) is called the principal vertex operator
construction, see [17, 18] for details.

Theorem 2.1 [18]. Consider the basic representation of a simply laced affine Lie algebra g
on the Fock space L(Ao) = Cltj; j € E.] constructed as above. Denote by G the Lie group
of the derived algebra g’ of g. A nonzero T € L(Ay) lies in the orbit G - 1 if and only if T
satisfies the following hierarchy of Hirota bilinear equations:

—2h Yy jy;D; +ZngSE(2ﬂr,y,)SE( s ’D) exp Y y;Dj |t -t =0.

JjeEy = m>=1 JjeEy

(2.8)

Here g, = (,0 X('))(ﬁv f/(r)) SE are the elementary Schur polynomials of g defined by
exp Z/GE yjz = D >0 SE(y))z™ and D; are the Hirota bilinear operators defined by

Djf-g= uof(tj+u)g(tj_u)

Kac and Wakimoto explicitly gave the coefficients g,, B, ; for the affine Lie algebras A",

Df) and E él) in [18], however, these coefficients remain implicit for other affine Lie algebras.
We proceed to compute them for the affine Lie algebra D" in the next section.

3. Bilinear equations for D'V

Let g be an affine Lie algebra of type D{". In this section we want to construct the two
bases (2.3), (2.4) of g, and then write down the Kac—Wakimoto bilinear equations (2.8). Our
result implies that Givental and Milanov’s conjecture on the total descendant potential of D,
singularity is true.

Let us consider the corresponding simple Lie algebra first. The simple Lie algebra g of
type D, possesses the following 2n-dimensional matrix realization [5]:

n
g={AeC|A=—5AS), S= (=1 (eii + eme1-ian1-i)- 3.1)

i=1
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Here e; ; is the 2n x 2n matrix that takes value 1 at the (i, j)-entry and zero elsewhere, and
AT = (@1+1—j xk+1—i) for any k x [ matrix A = (a;;). In this matrix realization, a set of Weyl
generators can be chosen as

€ = ey +emri—iom—i (1 <i<n—1), en = 5 (nstn—1 + €ni2n), (3.2)
fi=eiimi+em i (1 <i<n—1), o =2(en—1.n41 + €nns2)s (3.3)
hi = —ei i+ €is1,i41 — €n—ion—i + €mr1-i2ns1—i (1 <i <n—1), 3.4
hy = —ep_1n-1 = enn + €nslntl + €n42.n42- (3.5)

Besides them, we also need the following elements in §:

i
eo = 3 (€101 + €2.n), Jo=2(ean-1.1 + €m2), (3.6)
ho=-er1+ex — expn_1,2m—1 — €2n,21- (3.7

Recall that the normalized Killing form (A|B) = % tr(A B) and the Coxeter number 4 = 2n—2
of §. We therefore denote the Z/ hZ -principal gradation of § as

§= @ @j;
JEZ/hT
then we have ¢; € §1, f; € §—1. h; € gg fori =0, ..., n.
Let A = ) /_,e; and § be the centralizer of A in §. Then § is a Cartan subalgebra of §.
We fix a basis {T;| j € I} of § as

T, = A/, i=13...,2n-3,
Tu—ty = ~Vn — lk(en1 — J€nst1 — 3€n2n + T€ns12n
+(=1)" (2041 — 3€2mn — 3€1Lns1 + €10)).
where & = 1 (resp. ~/—1) when 7 is even (resp. odd), and I is the set of exponents of § given
by
I={1,3,5....,2n =3} U{(n — 1)'}.
Here (n — 1) indicates that when 7 is even, the multiplicity of the exponent n — 1 is 2. These
matrices T} belong to §;, respectively, and satisfy
(T Th-j) = (n — Dé .
To construct the desired bases, we need the root space decomposition of § with respect to
§. Note that the set of eigenvalues of A is
{weC|o"=1}U{0},
in which the multiplicity of 0 is 2. We choose the eigenvectors 7, 19, Ny associated with

eigenvalues w, 0, respectively, as follows:

1 -1 —(n—1) 1 n-1 n—2 t
nw=(§,a) e, ¢ ),Ea) , W ,...,w,l),

Mo = (=3%1+ Vo) + 67 (Y — 3¥an),
No = (_%Wl + w2n) — k7! (1//11 - %wnﬂ),
where ; is the 2n-dimensional column vector with the ith entry being 1 and all other entries

being zero, and -/ is the usual transposition of matrices. These eigenvectors give a common
eigenspace decomposition for 7; (j € I):

Tine = o/ ng, i=1,3,...,2n -3,
TotyNe = (1" 1800 + (—1)"80,0)vVn — 1n,.
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Introduce amap o : (OLURCLIN §, A~ A — SATS, and define the 2n x 2n matrices
A,p) = U(ﬂaﬂzﬂ),

where «, 8 are eigenvalues of A. These matrices satisfy
[T, Awp)] = (@ +B)Awp), i=13,...,2n-3,
[Ty Awp] = (1" (=80 +80.0) + 5.0 = 8p.0)v/n = 1Aa,p,

from which one can obtain the root space decomposition of § with respect to §.
Now denote by A g, ; the homogeneous components of A ) in §;, and fix 0 =
exp(2mi/ k). One can verify the following relations

(A1,0).0lA=1,~w9),0) = —hd; s,

(At,0.0lA-1,0),0) =0,

(A(1,0),0lA<1,8),0) = 2(1 — 84 p),
where 1 <r,s <n—2anda, 8 € {0,0}. According to these relations, we choose two bases
of g:

{T; 1je BU{XY |r=1,....n; m e Z/hZ},

{T;1j e BU{YY |r=1,....,n; m € Z/hZ},

1<r<n-2 r=n-—1 r=n
S . 1 I ]
X TiAde)m \—sz(l,O),m TEA(I,O/),I’H (3.8)
=) 1 1 1
Y. _TEA(—I,—w"),m TEA(—I,O’),m TEA(—I,O),m

The above two bases of § help us to construct a pair of dual bases (2.3), (2.4) of the affine
Lie algebra g that satisfy (2.5)—(2.7). We use the principal realization of g [17]:

o= 1" ® Cc & Cd.
meZ

Note that the set of exponents of g is E = I + h Z, and the principal Heisenberg subalgebra is
generated by

Hj = v2)T;, jeE.
The two bases (2.3), (2.4) of g can be chosen as
1 -
—H;, XD ="XD ¢, d;
ﬁ J m
1 -
—H_', Yirn),l :)\‘—mYﬁ’ d7 Cv
N "
with the coefficients B, ;(j € I) that appear in (2.6) given by
V2(1 + '), r=1,2,....n =2, j#m-1),
Bri= {2, r=n—1,n, j#@m-1y, (3.9

vV 2n — 2(8r,11—l - 5r,n)’ J = (n - 1)/
To write down the Kac—Wakimoto bilinear equations (2.8), we still need to compute the
constants g, = (,5V X(()r))(ﬁv|YO(r)). Note that in the principal realization of g, the Weyl
generators are given by

l

~ C
é,-:ke,-, fi:)\._lﬁ, O[yzl’li'l'ﬁ, i:O,...,n;
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so we have

(>

n n
v _ [ sv|y® 4 € _
)= (3|1 s Ta) = T
i=1 i=1
where a; are the coefficients in the following linear expansion:

n n
c
X(()r) = Za,‘h[ = Zai (Ollv — 71) S ﬁo.
i=1 1

i=

According to the realization (3.2)—(3.5), given any

diag(b1, b, ..., ban) = Y a:hi € o,

i=1

the summation ) ;_, a; reads

n n—1
Za,- = —Z(I’l — l)b,
i=1 i=1

By using this formula, we obtain

n—12—wo" —w™"

2 240+’
(n — 1)?
2 b

g = (3.10)

Proposition 3.1.  The constants g, and B, ; in the Kac—Wakimoto hierarchy of bilinear
equations (2.8) for D,(ll) are given by (3.9) and (3.10).

Note that the values f§, ; depend on the choice of the dual bases (2.3), (2.4). However, it
is easy to see that the constants g, are independent of the choice of such bases.

In [13], Givental and Milanov proved that the total descendant potential for semisimple
Frobenius manifolds associated with a simple singularity satisfies the following hierarchy of
Hirota bilinear equations:

n
reSZ=0Z71 Z g ezjeE+ 28,50y) o= Yjers ﬂr,?,-z*fayj/JT(t +y)T(t — y)

r=1

= 203 iy, + 2D c e -y, (3.11)

, 12
JEE,

where the coefficients B, ; are the same as in (2.8), and g, are given explicitly in [13]. By
comparing the constants g, (3.10) with those in [13], we obtain the following corollary.

Corollary 3.2. The hierarchy (3.11) for the D,, singularity coincides with the Kac—Wakimoto
hierarchy of type DV associated with the basic representation and its principal vertex operator
construction.

Namely, we conform Givental and Milanov’s conjecture [13] for the case D,,.
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4. Concluding remarks

We study in [19] the tau structure of the Drinfeld—Sokolov hierarchy associated with the Kac—
Moody algebra DV and the zeroth vertex of its Dynkin diagram following the approach of [7].
So we can define the tau function by using the tau symmetry of the Hamiltonian structures,
and establish the equivalence between this definition of the tau function for this hierarchy and
that given by Hollowood and Miramontes [15]. Based on the tau structure, we plan to show
that this Drinfeld—Sokolov hierarchy coincides with the biHamiltonian integrable hierarchy
constructed according to the axiomatic scheme developed by Dubrovin and Zhang [7, 8] on
the formal loop space of the semisimple Frobenius manifold associated with the D,-type Weyl
group. This assertion together with the result of this paper would imply that Givental’s total
descendant potential associated with the D, singularity is a tau function of Dubrovin and
Zhang’s hierarchy.

While we prepared to do an analogous computation for the cases E;, Eg of Givental
and Milanov’s conjecture [13], we learned from [9] that Frenkel, Givental and Milanov have
obtained a proof of this conjecture in general. We hope, however, that this short paper might
be helpful to a better understanding of the relationship between Givental’s total descendant
potentials and integrable systems.
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Note added in proof. Frenkel, Givental and Milanov’s proof is contained in the preprint [20] which appeared after
the submission of this paper; it is based on an explicit computation of the operator product expansions of the related
vertex operators.
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